BIAXIAL TENSION OF A THICK PLATE MADE OF A STRAIN-HARDENING
ELASTOPLASTIC MATERIAL AND CONTAINING A CIRCULAR HOLE
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This article gives an approximate solution of a two-dimensional problem on the biaxial
tension of a thick plate (plane strain) made of a strain-hardening elastoplastic material
and containing a circular hole. The theory of plastic flow with transcendental strain-
hardening proposed by A. Yu. Ishlinskii [1] is used. The solution is obtained by the small
parameter method developed for elastoplastic problems of the theory of ideal plasticity [2].

L. A. Galinyi [3] examined the biaxial tension of a thick plate made of an ideal elasto-
plastic material and containing a circular hole. It was shown in [2] that two approximations
are sufficient to describe the exact solution. Here we determine two approximations for the
same problem with allowance for strain-hardening, andwe offer estimates of the effect of
strain-hardening on the plastic behavior of the material.

1. In accordance with the theory of translational strain-hardening [1], we can write
the loading function for the case of plane strain as follows in polar coordinates r and 6

[or— 09— ¢ (eF — e§)]* -+ 4 (70 — cel)® = 4, : (1.1)
where o,, 0g, Tyg are stress components; eg, eg, el, are plastic strain components; c is the

strain-hardening parameter; k is the plastic limit.

The total-strain components e,, eg, erg are made up of the elastic and plastic components:

(err s erg) = (5 €5, €5g) (281 €Bs eBp): (1.2)

where e©, €, e©_  are components of elastic strain.
r’ 8)

rd

The elastic strains will be assumed to be incompressible; the plastic strains are in-
compressible by virtue of the associative law of plastic flow used below. In the case of
plane strain, we have the relations

B B 1
e =—cg="3g (9r— %) o="3 %o’ (1.3)
where G is the shear modulus. It follows from the associative flow law that
deP — def} . dely (1.4)

def - defy =0 = v
T o g, —0y—c¢ (ef —ef) T ey

Integrating the first equation of (1.4), we find that the sum eg + eg is independent of

the load parameter. If plastic strains are absent at the initial moment of time, then

el 4-ef =0. (1.5)

In accordance with (1.2), (1.3), and (1.5), we have the following condition of incompressibility
for the total strains

e, + eg=0. (1.6)
We have the following relations for the total-strain components
du 1 00, u Lr,o (vy, 4 9¢ 1.7)
©=Tr =7 30 T 1 ere=”z'[rar(r)+ 7 ael' (
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where u and v are components of the displacement in the radial and circumferential directions.

First we will examine the elastoplastic equilibrium of a thick-walled axisymmetric tube
of radii a and b (a < b) subjected to internal and external pressures p, and p. It is
obvious that in this case v = eyg = Ty = 0.

We will refer all quantities having the dimension of length to the radius of the boundary
separating the elastic and plastic regions rg. All quantities having the dimension of stress
will be referred to the plastic limit k. We designate

o= a/rs, B = b/rs, p= T'/"Sa 90 = po'k,
q=plk, o= 0, /k; Tpg = T,q/k-

We keep the former notation for the dimensionless quantities og, ¢, G, u, and v. In the
elastic zone of the tube (1 < p < B) we will have [4]

o] 2 2 2
2 R _ Bp Bp . 1.8
5 }_A+B—p2 , €g=—ey= ——2sz, u:——ZGp (4, B — const). ( )
The boundary conditions:
Oplo=a = —90 Opjp—p = —4¢- (1.9}

In the plastic zone (a < p < 1), in accordance with (1.1) we write

Tg— 0 — ¢ (ef —ef) = 2x, (1.10)
where k is the sign of the expression on the left side.

We find the following fromthe condition of continuity of the stress components at p = 1,
the second boundary condition of (1.9), and (1.10)
A4 = q-+B, B=u/p (1.11)

Compressibility condition(1.6) is valid everywhere: in the elastic and plastic zones;
it follows from this that the expressions for the components of the displacements and strains
(1.8) are valid in both zones. Then, considering (1.2), (1.3), and (1.8)-(1.11), we obtain
the following from the equilibrium equations [3]

Gx P ¢ 4
%=—qo+zf:r—c[“n'a T (;z‘— o )]

G 1 1
Gez—qo+#[4+4ln—§- —}—-CCT(;—;—}——F)T)]

The condition of continuity of the stress components with p = 1 gives an equation
linking the difference q — q, and the radius rg:

b k3 4
—ﬂ—;:,g—qo—[—m—c[2G(l—21na)+?]. (l:lZ)

It follows from (1.12) that k = sign (q, — q). When ¢ = 0, Eq. (1.12) coincides with the
equation obtained for an ideally elastoplastic material [2]. In the case of tension of a
plane with a circular hole 8 + », Eq. (1.12) iswritten as

(2G+c)iqo—ql—ZG(l——2lna)—‘ozc§'=0. (1.13)

If ¢ << 1, then by using (1.13) and representing the equation of the boundary between

the elastic and plastic zones in the form r,= }Sﬂﬁg), we obtain
=0

7,—q|—1 1 (1.14)
70 — gexp (I—L—z-—l—), ol ST (1—-—3;—21n oco),
0
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The subscript 0 with o will henceforth be omitted. Everywhere below, we take the radius
of the boundary between the elastic and plastic zones for an ideal elastoplastic material

r(g) as the characteristic length scale.

2. We will examine the biaxial tension of an infinite plate with a circular hole of
radius a which is subjected at infinity to mutually perpendicular tensile forces p, and p,.
Meanwhile, a normal pressure p, acts on the contour of the hole. We will seek a solution
by the small parameter method [2], assuming that the plastic zone completely envelops the
interval contour.

We assume that
¢ = 8¢*, (p; — pa)/2k = 8p*,

where § << 1, while ¢* and p* are constants taking values from 0 to 1. At p* = 0 and c* = 1,
we have the problem examined above. At c¢* = 0 and p* = 1, we have the problem examined in

[2].

All the stress, strain, and displacement components will be sought in the form of
series in powers of §:

(040 e1jo o v) = 2 8" (0l), €D, ul™, pM)! (2.1)

n=0

When § = 0, the plate is in an axisymmetric state v =e{j =1% =0. Inserting (2.1) into
(1.1) and equating the terms with identical powers of §, we obtain

o0 — 6@ =2, o) — ol — c* (PP — elP) =0, (2.2)
2ol — ol — o* (efP — VP ] - (ef)F = 0.

After linearization, Eqs. (1.4) and (1.6) take the form

) ) =0, n >0, o) =0, (de{P — del?P) 10} = 2ude(y?, (2.3)

1 (1)p 1
(deg))p‘__ dego)p) (nge) —_ c*ege)p) + (dee P deg) )p) Tge) — Z;cdeg%)p.

We have the following for an infinite plate in the zeroth approximation [2] (kx = 1)

P
ofP = — g +2In -, oPP=oPL2, P =0, (2.4)
(0)e +
o 1 Pyt Py
p ey T — (0)e __ 1 ‘2
Slode —9+92:Twﬂ_mmmmq_. 2k °
5]

Here and below, the stress and displacement components have the superscript e in the elastic
zone and p in the plastic zone. Everywhere in the plate

Cal®

1 ot (2.5)
2Gp* 0 [ 2sz'

The boundary between the elastic and plastic zones in the zeroth approximation is deter-
mined by the first equation in (1.14).

Let us determine the first approximation. Plastic strains should be found in accordance
with the second equation of (2.2). From (1.2), (1.3), and (2.5)

1 1 (2.6)
e(op)p=—-e%))p=§§(1—-97).
By virtue of linearity, the equilibrium equations retain their form for any approximation:
a0 oo | 4oy (2.7)
G T P o a0 =0
oty 1 aay) '21&3)_0
 tp e tp =0
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Equations (2.7) can be satisfied by assuming

L ST A
m) =9 2.8
09 o ap i pz aez * ( )
w 00 oy 2 (L 6_@:)
0" T Tgpt Too = " 9p \p 40

From (2.2), (2.6), and (2.8) we obtain

o) 1 0@ 1 Q) ___ci(_g . (2.9)
N R LAY A
The boundary conditions on the inside contour of the plastic zone have the form (p = )

q%n)p:,c(p%)yzo’ n>=1. (2.10)
In accordance with (2.9), (2.8), and (2.10), we find

cg>p=%(i__‘);~21n§), (2.11)

2
o

1
3P = ofP 4 - ('p_f _ 1), Do,

The boundary conditions at infinity have the form [2]

gg)"“:—p*cos% 1:(1)°°3=p*sin26; (2.12)
G(n)ooe T(n)ooe 0, n>=2 (2.13)

The compatibility condition for the strain components inthe first approximation yields

1 1 1 -
ol =olP, (e =<lP ar p=1. (2.14)

Using boundary conditions (2.12) and (2.14), we write the expressions for the stress and

displacement components in the elastic zone:

a 4 3

(e _ 0 __ *(1____[_—)00529 (2.15)

g - ?

o oF P o Tt
3 2 3

otV = — —- 1 p* (1 —i——;—) cos 20, 1:2,19)“ = p* (1 -+ ——“)2 —-—-—94 ) sin 20,
1) o P* _2____1_
uf e""ZGp 3G <p+ o o7 cos 20,
vm”~p* -+ —5 1sin 268, rae a~£i J——l+2ma
=55 (P T 3 ; =30 \ 2

(0)
Using the compatibility conditions [6“)+“-—'d”] 0 with p = 1 and following (2],

we obtain

pal)——%)——l—p*cos% (2.16)
From the displacement compatibility condition {2], which reduces to the form

ule — p (e — Wp 0 g =1,

and from Eqs. (2.15) we obtain the boundary conditions for the displacements in the plastic

zone

* td
“)p"z“é'—' o cos 20, WP = Lo in 26, (2.17)
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From (2.3) and (2.11) we have

1) 0P
egl)+e$j7~0 deg? =0,

i (2.18)

Following [2], we note that since déﬂp—-dx 6h (X is the load parameter), then in

accordance with (2.17), eéé)P is independent of the change in load. At the initial moment

the plastic strains are equal to zero, which means
1
e __ ) __ — —
el = €ps — 3@ Tf)le)p = ef)le) =0. (2.19)

With allowance for (1.7), Egqs. (2.18) and (2.19) take the form

oude  Lu)p +—1_au(1)p_ 5U(1)p_£(1_)zt7+r_1_au(1)p= (2.20)
9p e g a8 T dp Y p
(1) (1)
Assuming MUP:=__i§Q§6—, anz:?gp s, we obtain the following from the second equation of
(2.20)

2yr(1) Loy 2ar(1)
aly2 _Lov __1_2_0‘1’2 _ (2.21)
ap p 9 o o0

Using the solution of Eq. (2.21) presented in [2] and boundary conditions (2.17), we

have
wP = ﬂ— . 2Ii* cos|t— I ) cos20, WP — ZP-* cos (t + E‘) sin 20, (2.22)
2Gp ‘V3 G 6 ’ V3e 6 B
2p*
e(pl) =—ef) = ég_pi 4 o sin (t -?) cos 26, e‘%) =0,

where t = ¥3 1n p.

Thus, the first approximation has been found completely. In contrast to the solution
for an ideal elastdplastic material [2], the expression for the boundary between the elastic
and plastic zones (2.16) contains aconstant — a,/2 — which characterizes the "slowing" of
propagation of the plastic zone due to strain-hardening.

3. Let us proceed to the determining of the second approximation. From (2.2) and (2.11)
we find
o2P — 6P = c* ()P — P). (3.1)

In accordance with (1.2), (1.3), (2.11), and (2.22), we will have

c* 1 %  4p* | A
P — (1)1’-—5-—G—2(1—;}5)—-(;?—-%&110—%)00529. (3.2)

After insertion of (2.8) and (3.2) into (3.1), we obtain an equation analogous to (2.9).
By solving this equation using Eqs. (2.8) and by taking boundary conditions (2.10) into
account, we find

*
(2)p 1 1 1 be*pr T . n . . (3.3)
oy G{ZG (Zln += 2 >+a0<5§——a2)]+v—(;p smt——tlsm(t+§)—smtocostl]cosZG,
op . (2)py & fi( __1_) % 4p* ( “) .
o =g 1—=]——=— sin¢ — cos 20 |,
e o TG |3 Z) e 6

+
be*p*
g@)p"'[/gpg [cos( %)——cos (to—-%)cost —t,sin (t J-:;)]sinZB,

ty = '\/é_ln a; t, = Vé_ In %.

The stress compatibility conditions in the second approximation have the form [2]

where
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)

1) do(o) (1)2 dG(O)
[ (o)__l_ (1)+ dp; psz : - ps =0, (3.4)

The compatibility conditionsfor og and tyg are similar. Considering (3.3), (2.4),
(2.11), (2.15), and (2.16), we obtain the following from (3.4) (p = 1)

o2 = b, -}- ¢, cos 28 — p*? cos 40, we = ¢, sin 26 — 4p™* sin 46, (3.5)
where

%2 o » c* i,
b-oz——p -3 ao—}—a?); c1=2p* ao—l-F(lnoc——_Vg:stt);

* 1
e, = 2p* [2110 —_ é— (ln o — sin® ty - 5—']_/—3_ sin 2t0)].

In accordance with boundary conditions (3.5) and (2.13), we have the following for the
second approximation in the elastic zone

b 2M N 9 10
(2)e . 2 (———-——)00526 '*2(—-————)00549, (3.6}
Up pz E] p4 +p p4 pG
b N 3 10
(20 __ 04 T *2 (20 2
o — cos 20 —p ( )cosée,
3 pz+p4 s
M 5
(e __ (—2 ]—\; sin 28 4 Zp*z( -FF) sin 40,
p Y

where M = ¢; —c,3 N = ¢c; — 2¢,. We find the following from the compatibility condition
for og with p = 1 in the second approximation

*
a c*a [a pr

* 3@ (lnoc——-s;n i 2'V'3Tsm2t )]00526—- 3 *2(1—00540) (3.7)

We will make several observations. Equations (2.11), (2.15), (2.16), (2.22), (3.3),
(3.6), and (3.7) make it possible to evaluate the effect of strain-hardening. At c¢* = 0, we
have the solution presented in [2]. At p* = 0, Egs. (2.16) and (3.7) coincide with (1.14).

We should point out that Eq. (2.3) includes differentials of the strain components.
In the given case, deli)j Y dxaegj/ax. In problems similar to those examined above, it is

convenient to take p as the load parameter. Integration over the plastic strains should be
done from zero to the running value of the plastic strains, while integration over p should
be done from unity to the running value of p.
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